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ABSTRACT
In the absence of light Higgs bosons, the W and Z bosons become strongly
interacting particles at energies of about 1 TeV. If the longitudinal W ,Z
components are generated by Goldstone modes associated with spontaneous
symmetry breaking in a new strong interaction theory, the quasi-elastic W ,Z
scattering amplitudes can be predicted as a systematic chiral expansion in
the energy. We study the potential of TeV e+e− and e−e− linear colliders
in investigating these scattering processes. We estimate the accuracy with
which the coefficients of the chiral expansion can be measured in a multi-
parameter analysis. The measurements will provide us with a quantitative
test of the dynamics underlying the W ,Z interactions.
1 Introduction
Elastic scattering amplitudes of massive vector bosons grow indefinitely with energy if they
are calculated as a perturbative expansion in the coupling of a non-abelian gauge theory. As
a result, they manifestly violate unitarity beyond a critical energy scale
√
sc [1]. In fact, the
S-wave scattering amplitude of longitudinally polarized W,Z bosons in the isoscalar channel
(2W+W− + ZZ)/
√
3,
a00(s) =
√
2GF s
16π
+O(g2, g′2) (1)
must be bounded by 1/2. Unitarity therefore is violated for energies in excess of
√
sc ∼ 1.2 TeV (2)
in WW scattering.
This problem can be solved in two different ways. In the Standard Model [2] a novel scalar
particle, the Higgs boson, is introduced to restore unitarity at high energies [3,4]. The additional
contribution due to the exchange of this particle in the scattering amplitude of longitudinal
vector bosons cancels the asymptotic rise of the Yang-Mills amplitude if the coupling of the
Higgs particle to the W,Z bosons is chosen properly. In that case, the tree-level amplitude
approaches a constant value. Electroweak observables in the fermion/gauge boson sector of
the Standard Model are affected by radiative corrections which depend logarithmically on the
Higgs boson mass MH . From the high-precision data at LEP1, SLC, and the Tevatron, an
upper limit of MH < 550 GeV has been derived at the 2σ level [5]. This limit is not sharp:
Excluding one or two observables from the analysis weakens the bound significantly [6]. In a
cautious conclusion the experimental limit may therefore be interpreted within the minimal
model as indicative for a scale < O(1 TeV).
However, there exists a second solution to the unitarity problem. If the Higgs boson is not
realized in Nature, theW bosons become strongly interacting particles at TeV energies. In such
a scenario the experimental upper bound of ∼ 1 TeV can be re-interpreted as the cut-off scale
up to which the Standard Model of fermions and vector bosons may be extended before new
physical phenomena become apparent. Such novel strong interactions of the W bosons may be
indicated by slight deviations of the static electroweak W,Z parameters from the predictions
in the Standard Model, i.e., for the oblique parameters, the Z-fermion couplings, the magnetic
1
dipole, and the electric quadrupole moments of the W± bosons [7,8,9]. However, besides the
production of triple gauge bosons in e+e− annihilation [10], the classical test ground for these
interactions is the elastic and quasi-elastic 2 → 2 scattering experiments of the W± and Z
bosons
WW →WW (3)
where W generically denotes the particles W±, Z.
It is natural, though not compulsory, to trace back the strong interactions of the W bosons
to a new fundamental strong interaction characterized by a scale of order 1 TeV [11]. If the
Lagrangean of the underlying theory is globally chiral-invariant, this symmetry may be broken
spontaneously. The Goldstone bosons associated with the spontaneous symmetry breaking can
be absorbed by the gauge bosons to generate the masses and to build up their longitudinal
degrees of freedom. It may be assumed in this scenario that the breaking pattern of the
chiral symmetry in the strongly interacting sector is such that SU(2) × SU(2) → SU(2)c
leaves the isospin group SU(2)c unbroken. This custodial SU(2)c symmetry [11] automatically
ensures that the ρ parameter, the ratio of the neutral-current to charged-current couplings, is
unity up to small perturbative corrections. This condition [12] is strongly supported by the
electroweak precision data. The fact that in such a scenario the longitudinally polarized W
bosons are associated with the Goldstone modes of chiral symmetry breaking, has far-reaching
consequences which are formalized in the Equivalence Theorem [4,13,14,15]. This mechanism
can be exploited to predict the scattering amplitudes of the WL bosons for high energies below
the mass scale of new resonances1. Expanding the scattering amplitudes in powers of the energy
√
s, the leading term is parameter-free, thus being a consequence per se of the chiral symmetry
breaking mechanism, independent of the particular dynamical theory. The higher-order terms
in the chiral expansion depend on new coefficients which reflect the detailed structure of the
underlying strong-interaction theory. With rising energy they may evolve towards a resonant
behavior, in the scalar or vector channels for instance.
To study potentially strong interactions between W bosons requires energies in the TeV
range. They will be provided by the pp collider LHC and by future e+e− linear colliders which
will operate in the second phase at energies of 1.5 to 2 TeV, see e.g. Ref.[16]. Longitudinal W
1This is the analog to low-energy pion physics below the ρ resonance of QCD, in which the pions are the
Goldstone bosons associated with the spontaneous chiral SU(2)× SU(2) symmetry breaking.
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bosons are radiated off quarks and electrons/positrons with a probability g2/16π2 ∼ 3× 10−3;
since the Z charge of leptons is small, the radiation of Z bosons is suppressed compared to W
bosons. The following (quasi-)elastic processes can be studied in e+e− and e−e− collisions [17,
18,19]:
e+e− → ν¯eνeW+W− : W+W− → W+W−
e+e− → ν¯eνeZZ : W+W− → ZZ
e−e− → νeνeW−W− : W−W− → W−W−
(4)
It turns out that the rates for these processes are sufficiently large for thorough analyses at
e+e− c.m. energies of
√
s ∼ 1 TeV and above. Other processes involving initial state Z bosons,
e+e− → ν¯ee−W+Z : W+Z → W+Z
e+e− → e+e−ZZ : ZZ → ZZ (5)
are suppressed for the reasons discussed above. Nevertheless, they must be investigated to
achieve a complete determination of the quartic gauge interactions in next-to-leading order of
the chiral expansion. Since all basic scattering processes (4) and (5) lead to different final
states, they can be disentangled in principle [though this may not be so straightforward in
practice since the final state electrons and positrons may be lost in the forward directions].
The main objective of the present analysis are theoretical predictions for the processes (4)
and (5) in the region where theW,Z bosons become strongly interacting but the energies do not
reach yet the resonance region, which may be delayed until a scale of 4πv ∼ 3 TeV is approached.
We study the predictions in leading order of the chiral expansion and analyze the sensitivity to
next-to-leading order contributions2. This will enable us to estimate the accuracy with which
the parameter-free leading-order amplitudes can be measured. If the Higgs mechanism is not
realized in Nature, these analyses will shed light on the symmetry structure and the basic
physical mechanism that provides masses to the fundamental electroweak bosons. Alternative
approaches that are not based on chiral symmetry breaking, would in general lead to quite
different predictions for WW scattering amplitudes.
The paper is organized as follows. In Sec.2 we briefly recapitulate the basic formalism
of electroweak chiral Lagrangeans. In Sec.3 the helicity amplitudes for the WW → WW
fusion signals are analyzed, while Sec.4 is devoted to the equivalent particle approximations
and kinematical improvements. This discussion serves as a useful guideline for the analysis
and as an independent check for the complete f1f2 → f ′1f ′2WW tree-level calculations. The
2Preliminary results of this study have been presented in Ref.[20].
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full calculation and the results for probing both the custodial SU(2)c conserving and breaking
chiral parameters at TeV e±e− linear colliders are presented in Sec.5 and 6. Conclusions are
given in Sec.7. In Appendices A and B, constraints from unitarity bounds are derived and the
leading contributions of the one-loop radiative corrections are estimated. The exact tree-level
WW →WW helicity amplitudes are summarized in compact form up to next-to-leading order
in Appendix C.
2 Chiral Lagrangeans
For theories in which the chiral symmetry is broken spontaneously, i.e., SU(2) × SU(2) →
SU(2)c, effective Lagrangeans can be defined for the associated Goldstone fields. They corre-
spond to expansions in the dimensions of the field operators, or equivalently in the energy
√
s
in momentum space [21,22]. This systematic expansion leads to a parameter-free leading-order
interaction in the Lagrangean, supplemented by higher-order terms which reflect the detailed
structure of the underlying strong interaction theory. Thus the leading-order interaction is a di-
rect model-independent consequence of chiral symmetry breaking sui generis. The Equivalence
Theorem then allows to re-interpret scattering amplitudes derived for the Goldstone particles
as equivalent to the scattering amplitudes of the longitudinally polarized W,Z particles for
asymptotic energies E(W,Z)≫MW,Z .
The kinetic terms of the gauge fields and the first terms in the chiral Lagrangean of the
Goldstone fields are given by the following expansion:
L = Lg + Le
+ L0 + L4 + L5 + . . . (6)
Lg denotes the kinetic terms of the W±,3 and B fields3. The SU(2)×U(1) gauge fields are cou-
pled to the matter fields through covariant derivatives in Le. These two parts of the Lagrangean
are given by the expressions
Lg = −18tr[W 2µν ]− 14B2µν (7)
Le = e¯LiD/ eL + (L↔ R) (8)
3The complete Lagrangean is understood to contain the usual gauge-fixing and ghost terms.
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with the usual definition of the covariant SU(2)×U(1) derivative in terms of the vector fields,
the SU(2) generators T a, and the hypercharge Y :
iDµ = i∂µ + g ~T · ~Wµ − g′Y
2
Bµ (9)
where 2~T is equal to the Pauli matrix ~τ . In the general Rξ gauge the Goldstone fields are
described by the unitary matrix4
U = exp[−i~w · ~τ/F ] (10)
The custodial-symmetric dimension-2 operator of the Goldstone fields is then given by
L0 = F 24 tr[DµU †DµU ] (11)
The coupling between the Goldstone particles and the W , B gauge fields is parameterized by
the coefficient F . The value of this parameter is fixed by the measured W or Z masses,
L0 =M2WW+W− +
1
2
M2ZZ
2 + . . . (12)
so that the experimental value
F = (
√
2GF )
−1/2 = 246 GeV (13)
can be derived for F from the Fermi constant. In the Standard Model, F is replaced by the
expectation value v of the Higgs field in the ground state, F = v. However, the physical
interpretation of these parameters is completely different in the two scenarios5.
A vector field Vµ can be defined by the Goldstone fields as
Vµ = U
†DµU (14)
corresponding to the derivative ∂µ ~w + . . . for small field strengths. From the vector field two
independent dimension-4 operators may be formed
L4 = α4 tr [VµVν ] tr [V µV ν ] (15)
L5 = α5 tr [VµV µ] tr [VνV ν ] (16)
4In the Standard Model, U is the Goldstone boson matrix which generates the Higgs isodoublet field from
the real Higgs field in the Rξ gauges.
5From now on, we will nevertheless adopt the symbol v to characterize the weak-interaction scale, as generally
done in the literature.
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which describe the first two non-leading and model-dependent terms in the chiral expansion.
The two interaction terms L4 and L5 are custodial symmetric, leaving the value ρ = 1 un-
changed. Since they involve at least a quartic coupling of the Goldstone particles, they affect
in lowest order only 2 → 2 scattering processes but do not affect the trilinear vertices. Thus,
α4 and α5 can only be determined in WW → WW scattering. [Additional dimension-4 oper-
ators affect the trilinear couplings; in this analysis they are assumed to be pre-determined by
standard methods such as WW pair production in e+e− annihilation.]
We assume that all higher-order coefficients in the chiral expansion are much smaller than
unity. Even though a gauge-symmetric chiral Lagrangean can be defined formally for any theory
with a particular particle content, this is meaningful only if the chiral series can be truncated
at a fixed operator dimension (d = 4 for our purpose) and still higher orders can be neglected.
However, if the concept of spontaneous chiral symmetry breaking were not realized in Nature,
higher-order coefficients would be so large that an infinite number of terms would enter even
at the W,Z mass scale. In that case, the above effective-theory formalism must be abandoned.
From the magnitude of loop effects which carry a factor 1/16π2 together with an additional
power of s/v2, the largest value of
√
s for a chiral expansion to be valid may be estimated [23]
as
√
s . 4πv ∼ 3 TeV. Thus, if the coefficients αi in the chiral expansion were experimentally
required to be substantially larger than 1/16π2, new resonance effects would already appear
below the 3 TeV scale, e.g., thresholds for resonance production would become visible in the
intermediate range between about 1 and 3 TeV.
Although the ’t Hooft-Feynman gauge turns out to be most convenient for the computation
method described below (Sec.5), all observable quantities can be calculated equally well within
the unitary gauge in which the Goldstone fields ~w are set to zero. In this gauge the physical
content of the various terms becomes more transparent: The standard vector boson interactions
are determined by the Yang-Mills kinetic Lagrangean alone, L0 just provides the W,Z masses,
and the new dimension-4 operators L4,5 are recognized as two independent contact-interaction
terms for the W,Z vector bosons:
L0 = M2WW+µ W−µ +
1
2
M2ZZµZ
µ (17)
L4 = α4
[
g4
2
[
(W+µ W
−µ)2 + (W+µ W
+µ)(W−ν W
−ν)
]
+
g4
c2w
(W+µ Z
µ)(W−ν Z
ν) +
g4
4c4w
(ZµZ
µ)2
]
(18)
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Figure 1: Feynman graphs for (quasi-)elastic WW scattering.
L5 = α5
[
g4(W+µ W
−µ)2 +
g4
c2w
(W+µ W
−µ)(ZνZ
ν) +
g4
4c4w
(ZµZ
µ)2
]
(19)
[c2w = 1 − sin2 θw and g2 = e2/ sin2 θw]. The contact terms introduce all possible quartic
couplings W+W−W+W−, W+W−ZZ, and ZZZZ among the weak gauge bosons, that are
compatible with charge conservation and custodial SU(2)c symmetry.
3 WW scattering
From the effective chiral Lagrangean, the 2→ 2 (quasi-)elastic WW scattering amplitudes can
easily be derived. As shown generically in Fig.1, they involve s-channel, t/u-channel exchange
diagrams, and the non-abelian quartic boson coupling, with their sum growing asymptotically
proportional to s. The additional quartic contributions introduced by L4 and L5 rise propor-
tional to s2. The maximal power of s is realized only for amplitudes in which all four vector
bosons are longitudinally polarized; replacing any longitudinally polarized external particle by
a transversely polarized particle removes one factor of
√
s/v; at the same time an additional
power of the weak couplings g, g′ is introduced. [In the extreme forward and backward direc-
tions where t, u are of the order M2W,Z , the power counting is invalid and both longitudinal and
transversal degrees of freedom contribute with comparable magnitude.]
It follows [1,13] from analyticity, crossing symmetry, CP invariance, and custodial symmetry,
that to leading order in the Yang-Mills couplings all (quasi-)elastic amplitudes can be expressed
in terms of a single function A(s, t, u) which is symmetric with respect to the exchange (t↔ u).
This function is analytic in the Mandelstam variables s, t, u apart from the usual one-particle
pole and two-particle cut singularities. The Mandelstam variables are given by the total energy
and the momentum transfer in the scattering processes: s = E2c.m., t(u) ≈ −s(1 ∓ cos θ)/2 for
|s|, |t|, |u| ≫ M2W . The amplitudes of the scattering processes (4) and (5) can be derived from
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the master amplitude A in the following way:
A(W+W− → ZZ) = A(s, t, u) (20)
A(W+W− → W+W−) = A(s, t, u) + A(t, s, u) (21)
A(W−W− → W−W−) = A(t, s, u) + A(u, t, s) (22)
and
A(W+Z →W+Z) = A(t, s, u) (23)
A(ZZ → ZZ) = A(s, t, u) + A(t, s, u) + A(u, t, s) (24)
To leading order in the energy expansion the amplitude A(s, t, u) is reduced to the simple
expression
A(s, t, u)LO =
s
v2
(25)
which is parameter-free. The next-to-leading order terms modify this result, and the final
tree-level expression is given to order s2 by
A(s, t, u) =
s
v2
+ α4
4(t2 + u2)
v4
+ α5
8s2
v4
(26)
The relations (20–24) for the amplitudes are preserved by loop corrections and they are valid
to all orders for chirally-symmetric strong interactions. There are, however, additional pertur-
bative corrections which are proportional to the Yang-Mills couplings g, g′, with the g′ coupling
breaking the custodial symmetry. Amplitudes involving transversely polarized vector bosons,
which are subleading both for high energies and in the weak coupling expansion, do not respect
the relations (20–24).
It is instructive to analyze the angular momentum states that are populated inWW scatter-
ing. The helicity analysis [24] of the scattering amplitudes leads to the following decomposition
in the angular momentum
A(00, 00) =
∑
J
AJ(00, 00) d
J
00(θ) (27)
for longitudinally polarized vector bosons, where dJ00 = PJ(cos θ) are the Legendre Polynomials.
Choosing the processW+W− → ZZ for example, the gauge contributions to the amplitudes
involve t- and u-channel exchange diagrams, giving rise to arbitrarily high orbital angular
8
Aˆt Aˆu Aˆc Aˆ4 Aˆ5
J = 0 −20
3
−20
3
−16
3
8
3
8
1 44
5
−44
5
0 0 0
2 −4
3
−4
3
4
3
4
3
0
3 −4
5
4
5
0 0 0
Table 1: Amplitude decomposition for the process W+W− → ZZ in the limit E ≫MW .
momentum states. Therefore we decompose the amplitude with respect to spin only, i.e., the
residues of the poles for t/u-channel diagrams are expanded:
AJ =
s2
4M4W
[
g2c4w
(
s
2(t−M2W )
Aˆt +
s
2(u−M2W )
Aˆu + Aˆc
)
+ g4
(
α4Aˆ4 + α5Aˆ5
)]
(28)
The subscripts t, u, c for Aˆ denote the t, u exchange and the four-boson contact terms, respec-
tively (Tab.1)6.
In the spin amplitudes, the contact term contains angular momenta J = 0 and 2. In the t/u
channel diagrams the additional vector boson in the intermediate state populates, together with
the external vector bosons, the states up to J = 3. In the limit |s|, |t|, |u| ≫ M2W the leading
s2 behavior cancels for α4 = α5 = 0; however, in the forward/backward regions (|t|, |u| ∼M2W )
this cancellation needs not occur. In other processes such as W+W− → W+W− there is
an additional s-channel diagram which is purely spin-1, since a single vector boson Z/γ is
exchanged.
Given the helicity amplitudes, the differential cross sections can be written as
dσ
d cos θ
(Wλ1Wλ2 →Wλ3Wλ4) =
1
32πs
|A(λ1λ2, λ3λ4)|2 . (29)
This cross section can easily be integrated over all angles,
σ(Wλ1Wλ2 →Wλ3Wλ4) =
η
32πs
∫ 1
−1
d(cos θ) |A(λ1λ2, λ3λ4)|2 (30)
where η = 1
2
(1) accounts for (non-)identical particles in the final state.
Even though the longitudinal helicities build up the asymptotically leading cross section
σ(WLWL → WLWL), it cannot be identified with the total cross section without applying
6For the process W+W− →W+W−, the complete decomposition is given in the Appendix.
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angular cuts for non-asymptotic energies since the forward peak for the scattering of transversely
polarized W bosons gives rise to additional large contributions to the total cross section.
Interference effects between different helicity amplitudes in the initial state have to be taken
into account in the non-asymptotic regime. Since the W bosons are radiated off the electrons
and positrons, a coherent mixture ofWλ1Wλ2 helicity states is generated with λ1 and λ2 = ±, 0.
Interference effects in the finalWλ3Wλ4 state need only to be included if the angular and energy
distributions of the leptons or jets in the W3,W4 decays are analyzed explicitly.
4 Equivalent particle approximations
The elastic scattering of W bosons at high energies will be studied in TeV e+e− and e−e−
collisions. At high energies electron/positron beams split for a long time into (neutrino +W )
or (electron/positron +Z) pairs. In fact, if the transverse momentum in the splitting process
is p⊥, the lifetime of the split state is of order τ ∼ Ee/(p2⊥ +M2W ) in the laboratory, which is
large for high electron/positron energies. With Ee = 800 GeV the lifetime τ ∼ 10−1 GeV−1 is
an order of magnitude longer than the weak interaction scale τw ∼ M−1W ∼ 10−2 GeV−1. The
W bosons can therefore be approximately treated as equivalent particles [25], similar to the
equivalent photon approximation in QED [26]. Moreover, the splitting probability is maximal
for small transverse momenta p⊥ . MW . In the final picture, the W bosons can be treated as
real particle beams which accompany the parent e± beams in the accelerator.
The energy spectrum of the W bosons can conveniently be determined, in the spirit of the
discussion above, by old-fashioned perturbation theory [27]. Denoting the fraction of energy
transferred from the initial lepton to the W boson by x, with 0 ≤ x ≤ 1, the spectra, under
the leading logarithmic approximation, are given by [25]:
1. Transversely polarized W± bosons:
fTW/e(x) =
α
4πs2w
1 + (1− x)2
2x
ln
sˆ
M2W
(31)
where sˆ = xs.
For e− beams, the term ∼ 1 corresponds to negative helicity of the W boson, while the
term ∼ (1 − x)2 corresponds to positive helicity, suppressed for x → 1 by the conser-
vation of angular momentum. [The role of the helicities is interchanged for e+ beams.]
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The spectrum increases with the logarithm of the energy, which is a consequence of the
unlimited transverse momentum of the point-like coupling in the splitting process.
2. Longitudinally polarized W± bosons:
fLW/e(x) =
α
4πs2w
1− x
x
(32)
Since the emission of longitudinally polarized W bosons is suppressed for large transverse
momentum, the longitudinal spectra are not logarithmically enhanced.
In the equivalent particle approximation the cross section dσ for the colliding beam process,
such as
e+e− → ν¯eνeW+W− via W+W− → W+W− (33)
can be obtained by convoluting the cross section dσˆ of the WW subprocess with the spectra of
the two initial-state W bosons:7
dσ[e+e− → ν¯eνeW+W−]
=
∫ 1
0
dx1
∫ 1
0
dx2 fW/e(x1)fW/e(x2) dσˆ[W
+W− → W+W−; sˆ = x1x2s] (34)
The c.m. invariant energy of the subprocess is given by
√
sˆ =
√
x1x2s. The fixing of final-
state observables Ω can be implemented by restricting the integration over the phase space Φˆ
appropriately:
dσ
dΩ
[e+e− → ν¯eνeW+W−] =
∫ 1
0
dx1
∫ 1
0
dx2 fW/e(x1)fW/e(x2)
dσˆ
dΦˆ
dΦˆ δ (Ω− Ω(x1, x2)) (35)
Other W,Z processes can be treated analogously.
The commonly used equivalent particle spectra in the leading logarithmic approximation,
Eqs.(31)-(32), are derived in the small-angle limit with zero p⊥. To suppress background
processes which are induced by Weizsa¨cker-Williams photons, it is necessary to consider the
transverse momentum distribution of the W boson pair. To high accuracy, the c.m. frame of
γ-initiated subprocesses moves parallel to the e± beams. The W -initiated signal processes, by
contrast, have transverse momenta of order P⊥(WW ) ∼ MW . Hence, the γ-initiated back-
ground processes can be eliminated by cutting on the total transverse momentum of the sub-
process with respect to the e± beams. For the above reason, the usual leading logarithmic
7 A formalism, improved further, but with more complexity, can be found in Ref.[28].
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equivalent-particle approximation, (31)-(32), cannot be applied when a P⊥(WW ) cut is im-
posed in the analysis. In order to provide a guideline for the later more complete analysis, we
start with the improved equivalent-particle formalism[29], from which we derive the P⊥(WW )
distribution. This can be most conveniently performed by relating theW transverse momentum
to its virtual mass squared q2:
p⊥ =
√
s
2
(1− x)
√
1−
[
1 +
2q2
s(1− x)
]2
(36)
with the space-like q2 bounded by −s(1− x) ≤ q2 ≤ 0. Expressed in terms of q2, the improved
equivalent particle distributions can be written as
fλW/e(x) =
αx
16πsw
∫ q2max
q2
min
−q2dq2
(q2 −M2W )2

M2Wκ
2
1
−q2 for λ = L
(1 + κ22) for λ = T
(37)
where
κ1 ≡ 2
√
1− x+ q2/s
x− q2/s κ2 ≡
2
x− q2/s − 1 (38)
and λ = L, T denotes longitudinal resp. transverse polarization. In the latter case we have
added the results for negative and positive helicity of the W boson.
The improved luminosity distributions of the W bosons with respect to the transverse
momentum are thus given as follows:
fλW/e(x, p
2
⊥) =
α
4πs2w

κmxκ
2
1
sx¯r(x¯r¯ + 2κm)2
for λ = L
xr¯(1 + κ22)
2sr(x¯r¯ + 2κm)2
for λ = T
(39)
with
κ⊥ ≡ p⊥
2
s
κm ≡ M
2
W
s
r ≡
√
1− 4κ⊥
(1− x)2 x¯ ≡ 1− x r¯ ≡ 1− r (40)
In the asymptotic limit s ≫ P 2⊥,M2W , and for x1,2 neither close to 0 nor 1, we can derive
the following approximate formula from eq.(39):
fTW/e(x, p
2
⊥) =
α
4πs2w
1 + (1− x)2
2x
p2⊥
(p2⊥ + (1− x)M2W )2
(41)
fLW/e(x, p
2
⊥) =
α
4πs2w
1− x
x
(1− x)M2W
(p2⊥ + (1− x)M2W )2
(42)
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The transverse momentum distribution ( fλ1λ2WW/ee(x, P
2
⊥; sˆ) ) of the two-particle WW system
can be approximately derived by convoluting the spectra (39) for each initial W boson:
dσ(e+ e→ f3 + f4 +X | s) =
∑
λ
∫ 1
0
dx
∫
dP 2⊥f
λ1λ2
WW/ee(x, P
2
⊥; sˆ)dσ̂(Wλ1 +Wλ2 → X | sˆ) (43)
fλ1λ2WW/ee(x, P
2
⊥; sˆ) =
∫ 1
x
∫ 1
0
dx1dx2
∫∫
dp21⊥dp
2
2⊥D(x)D(P
2
⊥) f
λ1
W/e(x1, p
2
1⊥) f
λ2
W/e(x2, p
2
2⊥) (44)
with
D(x) = δ(x− x1x2)|sˆ=xs (45)
D(P 2⊥) =
∫ 2π
0
dϕ12
2π
δ(P 2⊥ − |~p1⊥ + ~p2⊥|2) (46)
where ϕ12 is the azimuthal angle between the two initialW bosons in the e
+e− c.m. frame. Due
to the implicit ϕ12-dependence in the squared transverse momentum, |~p1⊥ + ~p2⊥|2, the integral
in (46) is non-trivial.
The characteristic features of the luminosity spectra with respect to the transverse mo-
mentum of the WW system are exemplified in Fig.2. In Fig.2(a) we depict the P⊥(WW )
distributions for x1 = x2 = 0.5. The probability for the emission of longitudinal W bosons
is maximal around low values of P⊥ ∼ MW/2 and falls off rapidly with increasing transverse
momentum. The spectrum of the transverse W bosons extends to much larger values of P⊥,
decreasing asymptotically like (1/P 2⊥) ln(M
2
W/P
2
⊥). The γγ spectrum, by contrast, is strongly
peaked at zero transverse momentum.
Since the phase space in (44) is restricted for a finite collider energy
√
s, the improved
distributions (39) [solid lines in Fig.2(a)] decrease for large transverse momenta faster than the
approximate distributions (41-42) [dotted].
In Fig.2(b) the WW transverse momentum distributions (44) are depicted for two values of
the invariant WW mass, MWW = 0.8 and 1 TeV, at a fixed collider energy of
√
s = 1.6 TeV. A
typical cut of 50 GeV, which will be introduced below (cf. Sec.5), is indicated by the dotted line.
The distributions are not shown for transverse momenta beyond ∼ 250 GeV since interference
effects between the amplitudes become significant for large transverse momenta, invalidating
the probabilistic picture of the single-particle distributions.
As shown in Fig.2(b), for higher values of MWW the distributions are shifted towards lower
values of P 2⊥. For a fixed MWW , the improved P⊥ distributions are lower than the approximate
13
Figure 2: Distribution of the WW transverse momentum P⊥(WW ) in 1.6 TeV e±e− collisions.
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ones, as shown in Fig.2(a). For this reason, the leading logarithmic approximation generally
overestimates the production rates due to transverse W boson fusion by a factor of 3 ∼ 5 [30,
31]. Therefore, we use the improved equivalent-particle method, in contrast to the leading
logarithmic approximation, as a guideline for the analysis and as an independent check for
the complete tree-level calculation. It turns out that the ±1σ exclusion contours for α4−10, as
shown in Figs.9, 10 and 11, obtained from the above two methods, are in good agreement after
imposing all the relevant kinematic cuts to enhance the ratio of signal to background.8 Hence,
we shall not discuss in detail the numerical results obtained by applying the equivalent-particle
method, but we will focus on the improved results which are based on the exact tree-level
calculations.
5 Calculation and results: Conserved custodial SU(2)c
For a detailed numerical study, based on a complete tree-level calculation, we have chosen the
three processes
e+e− → ν¯eνeW+W− (47)
e+e− → ν¯eνeZZ (48)
e−e− → νeνeW−W− (49)
where the (quasi-)elastic WW scattering signal corresponds to the generic diagrams depicted in
Fig.3. However, there are also Feynman diagrams contributing to (47–49) which do not contain
WW scattering as a subprocess (cf. Fig.4). This irreducible background is not negligible and
must be taken into account in the analysis.
In all signal processes there are already two neutrinos present in the final state, therefore
important kinematic information is lost if aW boson decays leptonically (or a Z boson into two
neutrinos). In particular, the c.m. energy of the subprocess cannot be determined in that case.
For the present study we therefore restrict ourselves to hadronic W,Z decays and to decays
of the Z boson into electrons and muons. Furthermore, an error in the dijet invariant mass
is introduced by the limited energy resolution of the calorimeters, which leads to the rejection
of a fraction of di-boson events and to the misidentification of W vs. Z bosons. Adopting the
8 For example, the 90% exclusion limit, obtained from using the improved equivalent-particle method which
predicts a nontrivial P⊥(WW ) distribution, agrees with that in Figs.9 at the level of 20-30%.
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Figure 3: Diagrams contributing to the strong WW scattering signal.
results for the net efficiencies determined in Ref.[17], we assume that in a hadronic decay a true
W,Z boson will be identified according to the following pattern9:
W → 85% W, 10% Z, 5% reject (50)
Z → 22% W, 74% Z, 4% reject (51)
Thus, for example, when calculating the signal event rate in the ZZ detection mode, one has
to include the rates predicted by 55%, 7%, and 1% of the partonic ZZ, W±Z and W+W−
final states, respectively, to account for final-state misidentification. The relative weighting
factors from the above three partonic final state cross sections are 55 : 7 : 1 which is equal to
1 : 0.13 : 0.018, as given in the last column of Tab.II. As discussed above, we only consider
the hadronic decay modes of a final state W boson, the corresponding decay branching ratio
(BR) is 0.67. For detecting a Z boson, we include both the hadronic modes (BR=0.70) and
the di-lepton modes (BR=0.067 for e+e− and µ+µ−). Hence, the efficiency for detecting a
WW , ZZ, and WZ pair originating from a partonic WW , ZZ, and WZ final state is 33.4%,
34.2%, and 33.8%, respectively. For simplicity, we take 33% as the detection efficiency for all
the detection modes considered in this study.
Since the final state cannot be completely resolved experimentally in all cases, further
background processes will play a role (cf. Fig.5). The most important background to the signal
process e+e− → ν¯νW+W− is generated by the reaction
e+e− → W+W−e+e− (52)
which is built up primarily by the subprocess γγ → W+W−. In this process most of the
electrons/positrons are emitted in forward direction so that they cannot be detected. A similar
9Using the tagging of b-quarks, the Z → W misidentification probability could be reduced, thus improving
its detection efficiency.
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Figure 4: Typical diagrams contributing to the irreducible background for the strong WW scat-
tering signal.
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Figure 5: Partially reducible backgrounds to the strong WW scattering signal.
background is introduced by the misidentification of vector bosons in jet decays:
e+e− →W±Ze∓ν (53)
An irreducible background is also generated by three-boson final states,
e+e− →W+W−Z (54)
with the Z decaying into neutrino pairs. Similar backgrounds (less dangerous for the ZZ final
state) exist for the other processes.
The total cross sections for the signal and background processes, including interference
effects, have been computed in a complete tree-level calculation using the automatic package
CompHEP [32] in which the effective Lagrangian (6) has been implemented. The results of the
cross sections for the reference point α4 = α5 = 0 are summarized in Tab.2.
The background reduction is essential for isolating the strong scattering signal, as demon-
strated by the numbers in Tab.2. To this purpose, we follow the strategy introduced in Ref.[17]:
1. We require Minv(ν¯ν) > 200 (150) GeV. The first number applies for
√
s = 1.6 TeV, while
the bracketed number for
√
s = 800 GeV. This cut removes the events with neutrinos
17
Process 800 GeV 1.6 TeV Factor
W+W−ν¯ν 11 56 1
W+W−e+e− 628 1979 1
W±Ze∓ν 39 173 0.26
W+W−(Z → ν¯ν) 13 11 1
ZZν¯ν 4 26 1
ZZe+e− 2 4 1
W±Ze∓ν 39 173 0.13
W+W−e+e− 628 1979 0.018
ZZ(Z → ν¯ν) 0.6 0.4 1
W−W−νν 14 67 1
Table 2: Total cross sections in fb for various processes. Dectection efficiencies and branching
ratios are not included. Including final-state misidentification, the numbers should be multi-
plied by the relative weighting factor given in the last column which accounts for final-state
misidentification in the corresponding detection mode (W+W−, ZZ, or W−W−).
from Z decay together with backgrounds from W+W− and QCD four-jet production.
The signal is not affected (cf. Fig.6).
2. Selecting central events [| cos θ(W/Z)| < 0.8] with p⊥(W/Z) > 200 (100) GeV removes
events dominated by t-channel exchange in the subprocess.
3. The background from γγ fusion is reduced by two orders of magnitude if an electron veto
is applied [removing events with θ(e) > 10◦] and, at the same time, a minimum p⊥ of
the vector boson pair, equivalent to the fermion p⊥, is required. We use p⊥(WW ) >
50 (40) GeV and p⊥(ZZ) > 30 GeV. This cut removes also about one half of the signal
events. (Fig.7; cf. the discussion in Sec.4)
4. Since the impact of the strong interaction terms L4 and L5 increases with the energy of the
subprocess, we use a window in Minv(WW/ZZ) between 700 (350) and 1200 (600) GeV,
Fig.8. [The bulk of events has lower invariant mass, but those are quite insensitive to the
parameters of interest.]
After applying those cuts, we find the numbers reported in Tab.3. If they are multiplied by
the misidentification probabilities in the last column, the signal/background ratios are raised
to O(1). In order to obtain the final event rates, the cross sections in Tab.3 have to be multiplied
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Figure 6: Distribution of the invariant WW recoil mass distribution in the process e+e− →
W+W−ν¯ν (signal). The cut (shaded area) removes events in which the neutrinos are generated
through Z decays. The other cuts have been applied as described in the text.
Process 800 GeV 1.6 TeV Factor
W+W−ν¯ν 0.41 0.71 1
W+W−e+e− 0.12 0.47 1
W±Ze∓ν 1.42 1.23 0.26
W+W−(Z → ν¯ν) 0.01 0.01 1
ZZν¯ν 0.33 0.86 1
ZZe+e− 0.00 0.00 1
W±Ze∓ν 1.54 1.37 0.13
W+W−e+e− 0.51 0.93 0.018
ZZ(Z → ν¯ν) 0.00 0.00 1
W−W−νν 0.81 1.36 1
Table 3: Cross sections in fb as in Tab.2, but including all cuts.
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Figure 7: Transverse momentum distribution of the W pair in the process e+e− →W+W−ν¯ν at√
s = 1.6 TeV. All cuts have been applied, but theWW detection efficiency (therefore, the decay
branching ratio) is not included. The solid line corresponds to the reference point α4 = α5 = 0,
the dashed line to α4 = 0.005 for comparison. The dominant backgrounds W
+W−e+e− (dotted)
and WZeν (dot-dashed, with 26% misidentification probability) are also indicated. The shaded
area is removed by the p⊥ cut.
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Figure 8: Invariant mass distribution of the W pair in the process e+e− → W+W−ν¯ν. Legend
as in Fig.7.
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by the expected luminosity and 33% detection efficiency [cf.(50-51); this number includes the
W/Z decay branching ratios].
For polarized beams with left-handed electron and right-handed positron polarizations P∓,
the rates are modified as follows:
1. Two left-handed electron/positron couplings are involved in the signal process. The rate
is therefore increased by the factor (1 + P+)(1 + P−).
2. The dominant part of the WZ background is initiated by γW fusion which involves
only one left-handed coupling. The cross section is therefore increased by the factor
1 + (P+ + P−)/2. Since the Z coupling to electrons is almost of axial-vector type, this
holds approximately true also for the remainder of the WZ background.
3. The WWee background is not modified. [There are diagrams in which the W ’s both
originate from the same fermion line. The contribution from this kind of diagrams should
increase by the factor 1 + (P+ + P−)/2; however, its net effect is not important.]
We conclude that both electron and positron polarization is essential in order to improve the
signal rate as well as the signal/background ratio. In the ideal case of complete polarization,
S/B improves by a factor 2 and S/
√
B by a factor 3 as far as reducible backgrounds are
concerned. For the irreducible part, S/
√
B increases by a factor 2 from the rate alone.
All numbers quoted so far were based on the values α4 = α5 = 0. Ultimately we are
interested in the measurement of those parameters. The result of the theoretical prediction
is depicted in Fig.9. In the upper part the dependence of the cross sections on α4 and α5 is
displayed for polarized beams after all cuts are applied, but no detection efficiencies included.
The band, based on the hypothesis α4 = α5 = 0, is determined by the ±1σ statistical error
in the WWν¯ν event rate if the expected integrated luminosity of
∫ L = 500 fb−1 and the
efficiency of 33% [which includes the W/Z decay branching ratios] are taken into account. The
lower part of the figures shows the corresponding experimental regions in the two-dimensional
[α4, α5] plane, based on the hypothesis α4 = α5 = 0. We display the (±1σ) bounds for the
individual channels, which can be combined to give the 90% exclusion limit indicated by the
closed contour curve.
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Figure 9: Upper part: Cross section including backgrounds for the process e+e− → ν¯νW+W−.
All cuts have been applied. The shaded band is the statistical error corresponding to the expected
detection efficiency and a luminosity of
∫ L = 500 fb−1. It is assumed that the e−(e+) beam is
polarized at a degree of 100% (50%). Lower Part: 1σ exclusion contours for all three processes
in the α4/α5 plane, based on the hypothesis α4 = α5 = 0. All cuts have been applied and
detection efficiencies are included. The closed contour curve is the 90% exclusion limit obtained
by combining the e+e− → ν¯νW+W− and e+e− → ν¯νZZ channels.
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6 Calculation and results: Broken custodial SU(2)c
In addition to the interactions L4,5 in (15–16), three more dimension-4 operators L6,7,10 are
present at next-to-leading order of the electroweak chiral Lagrangian. Since these interactions
affect the quartic gauge couplings only, they also do not contribute to low-energy observables
at tree level:
L6 = α6 tr [VµVν ] tr [T V µ] tr [T V ν ] (55)
L7 = α7 tr [VµV µ] tr [T Vν ] tr [T V ν ] (56)
L10 = α10 1
2
(tr [T V µ] tr [T V ν ])2 (57)
where T = Uτ3U †. Due to the presence of T , the new operators L6,7,10 violate the custodial
SU(2)c symmetry in contrast to L4,5.
The coefficients α4,5 and α6,7,10 can be constrained only indirectly from low-energy ob-
servables, to which they contribute through one-loop diagrams at the order of αn
1
16π2
∼
v2
Λ2
1
16π2
[33]10. Since the corresponding loop divergences must be absorbed by renormalization
counterterms, it is impossible to derive precise bounds on these parameters from low-energy
data. Nevertheless, rough estimates can be obtained by keeping only the leading logarith-
mic terms. The estimated indirect bounds on these 4-boson couplings are summarized in the
following list [34,33]
−25× 10−3 ≤ α4 ≤ 125× 10−3 −4 × 10−3 ≤ α6 ≤ 22× 10−3
−63× 10−3 ≤ α5 ≤ 318× 10−3 −32 × 10−3 ≤ α7 ≤ 163× 10−3
−4× 10−3 ≤ α10 ≤ 22× 10−3
(58)
which are derived at 90% c.l. by setting only one new parameter nonzero at a time. Even
though current bounds on the ρ parameter severely constrain the possible amount of SU(2)c
violation, the next-to-leading SU(2)c-violating parameters α6,7,10 are still allowed in the range
from 0.02 to 0.2 which is well above the natural value ∼ 1/16π2 ≃ 0.006.
In this section, we focus on tests of the SU(2)c-violating operators L6,7,10 in quasi-elastic
WW scattering. Unlike the parameters α4,5, the terms α6,7,10 signal new dynamics beyond the
standard model (SM), since the SM-like Higgs sector respects SU(2)c-symmetry and thus does
10 Here, Λ . 4piv ∼ 3 TeV[23] is the cut-off of the effective Lagrangean, which characterizes the scale of the
new strong interactions.
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not contribute to α6,7,10. The leading contribution of the quasi-elastic WW →WW scattering
amplitudes is associated with longitudinal gauge bosons and can be written as follows:
A(W+W− →W+W−) = − u
v2
+
4(s2 + t2 + 2u2)
v4
α4 +
8(s2 + t2)
v4
α5 (59)
A(W+W− → ZZ) = + s
v2
+
4(t2 + u2)
v4
(α4 + α6) +
8s2
v4
(α5 + α7) (60)
A(W−W− →W−W−) = − s
v2
+
4(2s2 + t2 + u2)
v4
α4 +
8(t2 + u2)
v4
α5 (61)
A(W±Z → W±Z) = + t
v2
+
4(s2 + u2)
v4
(α4 + α6) +
8t2
v4
(α5 + α7) (62)
A(ZZ → ZZ) = 0 + 8(s
2 + t2 + u2)
v4
[(α4 + α5) + 2(α6 + α7 + α10)] (63)
The amplitudes are given for asymptotic energies at which the W,Z masses can be neglected.
The five parameters {α4,5; α6,7,10} can in principle be uniquely determined by measuring
the total cross sections of the processes (59–63). If the event rates are large enough, additional
information can be extracted from the MWW , P⊥, and angular distributions. However, due
to large backgrounds and the small eeZ coupling, the experimental analysis of the reactions
(62–63) is more difficult.
Elastic W−W+ → W−W+ and W−W− → W−W− scattering depends only on α4 and α5;
these two processes are sufficient to determine both α4 and α5 to a high accuracy (Fig.9).
The two reactions can therefore be taken as reference processes. The other two processes
W−W+ → ZZ and W∓Z → W∓Z can subsequently be exploited to measure α6 and α7, while
α10 can finally be extracted from the reaction ZZ → ZZ.
To probe the chiral parameters α6, α7, and α10, we assume that the SU(2)c-conserving
parameters α4 and α5 have been pre-determined in the processes e
+e− → ν¯νW+W− and
e−e− → ννW−W−;11 in the following analysis we therefore set these parameters to the reference
values {0, 0} sine restructione generalitis. In this framework, the ±1σ exclusion contours for α6
and α7 are shown in Fig.10 for the reactions e
+e− → e+νW−Z + c.c. and e+e− → ν¯νZZ. The
eνWZ final states suffer from large backgrounds due to γ-induced eeWW events in which one
e is lost in the beampipe and one W misidentified as Z. This background can be suppressed
11 As indicated in Fig.9, measuring the event rates of these two processes only, in general leads to two allowed
regions in the {α4, α5} plane. They can in principle be separated by carefully studying various distributions,
which is beyond the scope of the present work.
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Figure 10: 1σ exclusion contours for the SU(2)c-violating parameters α6,7 from e
−e+ → νν¯ZZ
and e−e+ → e−ν¯W+Z/e+νW−Z. All cuts have been applied as described in the text, and the
detection effiencies are included.
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Figure 11: Cross section (including backgrounds and cuts) for e−e+ → e−e+ZZ as a probe of
α10. The shaded band is the statistical error corresponding to the expected detection efficiency
and an integrated luminosity of 500 fb−1.
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efficiently by a cut in the missing transverse momentum which in the following analysis is set
to p⊥(miss.) > 30 GeV. To isolate the signal, we furthermore require the final-state electron to
be detected (θ > 10◦) and apply the additional cuts described in Sec.5, with the exception of
the cut on the boson pair transverse momentum which is not useful here.
The remaining chiral parameter α10 can be determined in the process e
+e− → e+e−ZZ.
Since elastic ZZ → ZZ scattering is not possible in lowest order of the Standard Model, this
channel is relatively clean, though suppressed by the small eeZ initial-state couplings. We apply
the same cuts on Minv(ZZ), Mrecoil, and cos θ as for the previous channels, and require both
final-state electrons to be detected (θ > 10◦). The resulting cross section is shown as a function
of α10 in Fig.11. [α10 is actually embedded in the combination (α4 + α5) + 2(α6 + α7) + 2α10,
yet the parameters α4 . . . α7 are assumed to be pre-determined.] From the 1σ band of the
cross section we conclude that |α10| can be bounded to less than ∼ 0.002 at an e+e− collider
of 1.6 TeV for an integrated luminosity of 500 fb−1. The sensitivity is an order of magnitude
better at 1.6 TeV than at 800 GeV.
7 Conclusions
As demonstrated in this analysis, e±e− linear colliders operating in the TeV range are able
to shed light on the details of WW scattering even in the most difficult case where no new
resonances are present in the accessible energy range. The accuracy of simultaneous measure-
ments of the chiral parameters α4,5 will be of the order 0.002 with an integrated luminosity of
500 fb−1. Furthermore, the SU(2)c-violating quartic gauge couplings, α6,7,10 can be measured
directly by studying all possible WW scattering channels. Analogous processes can be studied
at the LHC, where a somewhat lower sensitivity on α4,5 is predicted [35]. On the other hand,
if there are new resonances in WW scattering below the maximal accessible energy, they will
be observed in different channels at both the LHC and e±e− (or µ+µ−) colliders [36,17,19,37].
The error with which the reference values {α4, α5} = {0, 0} of the next-to-leading corrections
will be measured, can be re-interpreted as the error with which the leading amplitudes can
be determined, i.e., the master amplitude A(s, t, u)LO = s/F
2. At the e+e− collider energy
√
s = 1.6 TeV, the scale parameter F = v can be determined to with high accuracy
∆F/F . 5% (64)
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for an integrated luminosity of
∫ L = 500 fb−1. Since the form of this amplitude is character-
istic for the chiral symmetry breaking as the mechanism driving the dynamics of the strongly
interacting W bosons, this test is the most important goal in analyzing the strong interaction
threshold before resonance phenomena are expected to be observed at still higher energies. No
dynamical mechanisms other than the Higgs mechanism and spontaneously broken strong in-
teraction theories have been worked out so far through which masses of the electroweak gauge
bosons could be generated in a natural way.
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A Unitarity bounds on α4, α5
If custodial SU(2)C symmetry is assumed, the weak isospin amplitudes A
(I) (I = 0, 1, 2) for
longitudinal WW scattering in the asymptotic regime (|s|, |t|, |u| ≫M2W ) are given as follows
A(0) = 3A(s, t, u) + A(t, s, u) + A(u, t, s)
A(1) = A(t, s, u)−A(u, t, s)
A(2) = A(t, s, u) + A(u, t, s) (65)
The master amplitude A(s, t, u) has been discussed to next-to-leading order earlier,
A(s, t, u) =
s
v2
+ α4
4(t2 + u2)
v4
+ α5
8s2
v4
(66)
The isospin amplitudes may be decomposed with respect to orbital angular momentum accord-
ing to
A(I) = 32π
∞∑
ℓ=0
(2ℓ+ 1)Pℓ(cos θ) a
I
ℓ (67)
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Figure 12: Region in α4,5 allowed by tree-level unitarity for WW elastic scattering at a subpro-
cess energy of 0.8 TeV (left) resp. 1.2 TeV (right).
From the parameterization (66) the non-zero amplitudes aI0 can be extracted:
S wave: a00 =
1
64π
[
+
4s
v2
+
16
3
(7α4 + 11α5)
s2
v4
]
(68)
a20 =
1
64π
[
−2s
v2
+
32
3
(2α4 + α5)
s2
v4
]
(69)
P wave: a11 =
1
64π
[
+
2s
3v2
+
8
3
(α4 − 2α5) s
2
v4
]
(70)
D wave: a02 =
1
64π
[
0 +
16
15
(2α4 + α5)
s2
v4
]
(71)
a22 =
1
64π
[
0 +
8
15
(α4 + 2α5)
s2
v4
]
(72)
All amplitudes with I + ℓ = odd vanish due to CP invariance. Angular momentum states with
ℓ > 2 are populated by higher-order operators in the chiral expansion.
Two-body elastic unitarity requires |aIℓ − i2 | = 1/2. Once a partial-wave amplitude ap-
proaches the limit Re aIℓ = 1/2, rescattering effects set in which induce a phase shift that
unitarizes the amplitudes. Such effects can no longer be described within the effective-theory
approach in a model-independent way. The validity of the chiral expansion is therefore limited
to WW -scattering energies
√
sˆ and values of the parameters αi such that
|aIℓ | . 1/2 (73)
28
In Fig.12 we display the allowed region in the [α4, α5] plane for
√
sˆ = 0.8 TeV and 1.2 TeV,
which cover the main energy range of the WW scattering subprocess in the analysis. The
strongest limits can be derived from unitarity in the S-wave for isospin 0 and 2 channels. The
limit from the I = ℓ = 1 channel is significantly weaker. As demonstrated in Fig.12, the
unitarity bounds are very sensitive to the energy scale: For
√
sˆ = 1.2 TeV they are more
stringent by about a factor of 5 than the bounds at 0.8 TeV. However, they only marginally
restrict the αi parameters in the range we are interested in (|αi| . 0.005). Thus they do not
affect the validity of the chiral expansion in the range considered in the present analysis.
B Radiative corrections
The leading radiative corrections of the tree-level amplitude (26) are generated by the one-
loop corrections from pure Goldstone dynamics (Fig.13). They give rise to additional SU(2)c-
symmetric contributions of the form [38]
∆A(s, t, u)1 loop =
1
16π2v4
{
−(t− u)
6
[
t ln
−t
µ2
− u ln −u
µ2
]
− s
2
2
ln
−s
µ2
}
(74)
The real part of these corrections is taken to vanish at the symmetric point µ2 = s = −2t = −2u,
which corresponds to the scattering angle θ = π/2. Infinities are absorbed in the definition
of the renormalized parameters α4,5(µ). A shift in the scale µ may be mapped into a finite
renormalization of the parameters {α4, α5}:
α4(µ) = α4(µ0)− 1
16π2
1
6
ln
µ
µ0
(75)
α5(µ) = α5(µ0)− 1
16π2
1
12
ln
µ
µ0
(76)
The leading-order term A(s, t, u)LO = s/v
2 is not renormalized. The same holds true for the
next-to-leading order custodial SU(2)c-breaking coefficients α6,7,10 because standard one-loop
corrections generate only SU(2)c-symmetric amplitudes.
The leading contributions are built up by Goldstone loops since contributions of transverse
W,Z bosons are suppressed by the electroweak gauge couplings and by reduced enhancement
factors in the energy [33].
Since the loop corrections (74) will affect the final results, it is necessary to estimate their
impact. In Fig.14 a comparison is presented between the various contributions to the elastic
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Figure 13: Leading one-loop contributions to the WW scattering amplitude, expressed in terms
of Goldstone-boson scattering.
W+W− → W+W−
√
sˆ = 1 TeV
loop
α4 = 0.001
α5 = 0.001
cos θ
0
5
10
−1 0 1
Figure 14: Comparison of the leading one-loop corrections |Re (∆A)| to the longitudinal
W+W− → W+W− scattering amplitude, with the effects due to nonvanishing values of α4
resp. α5.
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scattering of longitudinal polarized W bosons, A(W+W− → W+W−), as a function of the
scattering angle. The magnitude of the loop corrections, evaluated at the renormalization
point µ =
√
sˆ, is confronted with the effects of the next-to-leading order corrections L4 and L5
on the scattering amplitude. The loop corrections are apparently significantly smaller than the
chiral contributions for coefficients α4 and α5 = 0.001. Since this is the size of the sensitivity we
are aiming at, cf. Fig.9, we can conclude that the longitudinal loop corrections do not invalidate
the previous tree-level results.
C Decomposition of helicity amplitudes
The partial wave decomposition formula for the helicity amplitudes of the process
W aλ1W
b
λ2
→W cλ3W dλ4 (77)
is defined as [24]
A(λ1λ2, λ3λ4) = exp[i(λ− λ′)ϕ]
∑
J
AJ(λ1λ2, λ3λ4) d
J
λλ′(θ) (78)
where λ ≡ λ1 − λ2, λ′ ≡ λ3 − λ4; and
dJλλ′(θ) =
J∑
s=0
(−)s [(J + λ)!(J − λ)!(J + λ
′)!(J − λ′)!]1/2
s!(J − s− λ)!(J − s+ λ′)!(λ− λ′ + s)!
×
(
cos
θ
2
)2(J−s)+λ′−λ(
− sin θ
2
)2s+λ−λ′
(79)
Each 2 → 2 gauge-boson scattering process is described by a total of 34 = 81 helicity
amplitudes. However, by applying C,P,T transformations, they can be reduced to a basic set
of 17, 20, and 13 independent amplitudes for the processes W+W− → W+W−, W+W− →
ZZ, and W−W− → W−W−, respectively, which we present in tabular form. In Tab.4–5
the contributions Ai to the individual helicity amplitudes which are proportional to the NLO
coefficients αi are listed. In Tab.7–8 the s-, t-channel exchange, and contact terms are presented
in LO for the main process W+W− →W+W−. We use the notation
AJ =
(
E
MW
)eL [∑
V
g2V
(
p2
s−M2V
Aˆs +
E2
t−M2V
Aˆt +
E2
u−M2V
Aˆu
)
+ g2Aˆc + g
4
∑
i=4,5
αiAˆi
]
(80)
31
and
β ≡ p/E βW ≡ p/EW βZ ≡ p/EZ (81)
where p = |~p | is the length of 3-momentum of each incoming W (Z) boson in the c.m. frame,
and EW (EZ) is the corresponding c.m. energy. When the two incoming gauge bosons have
equal masses, we remove the subscript of EW or EZ . The vector boson masses and couplings
are denoted by MV , gV (V =W,Z, γ referring to the exchanged particle), where
gW ≡ g = e/sw gZ = ec2w/sw gγ = e (82)
with sw = sin θw, cw = cos θw.
32
α4 α5
J = 0 1 2 0 1 2
AˆJi (00, 00) 2(1 + β
2 + 2β4) 2β2 2 43(2 + 3β
2 + 3β4) −4β2 43
AˆJi (+0, 00) − −β2 −
√
3 − 2β2 − 2√
3
AˆJi (++, 00) −(2 + β2) − 1 −23(4 + 3β2) − 23
AˆJi (+0, 0+) − −12 + 2β2 3 − 2 1
AˆJi (+0,+0) − −12 − β2 32 − 1− 2β2 1
AˆJi (+0,−0) − −12 + β2 −32 − 1 + 2β2 −1
AˆJi (+0, 0−) − −12 − 2β2 −32 − 1 −1
AˆJi (+−, 00) − − −
√
6 − − −23
√
6
AˆJi (++,+0) − −12
√
3
2 − 1 1√3
AˆJi (++,−0) − 12
√
3
2 − −1 1√3
AˆJi (+−,+0) − − 3√2 − −
√
2
AˆJi (+−, 0+) − − 3√2 − −
√
2
AˆJi (++,++) 2 −12 12 83 1 13
AˆJi (++,+−) − − −
√
6
2 − − −
√
6
3
AˆJi (++,−−) 2 12 12 83 −1 13
AˆJi (+−,−+) − − 3 − − 2
AˆJi (+−,+−) − − 3 − − 2
Table 4: Decomposition of the NLO helicity amplitudes for W+W− → W+W−.
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α46 = α4 + α6 α57 = α5 + α7
J = 0 1 2 0 1 2
AˆJi (00, 00)
2
3 + 2β
2
W β
2
Z − 43 2(1 + β2Wβ2Z + β2W + β2Z) − −
AˆJi (+0, 00) − − − 2√3 − − −
AˆJi (00, 0+) − − − 2√3c−1w − − −
AˆJi (++, 00) −23 − 23 −2(1 + β2Z) − −
AˆJi (00,++)
2
3c
−2
w − 23c−2w −2(1 + β2Z)c−2w − −
AˆJi (00,+−) − − − 4√6c−2w − − −
AˆJi (+−, 00) − − − 4√6 − − −
AˆJi (+0, 0−) − −c−1w βWβZ −c−1w − − −
AˆJi (+0, 0+) − c−1w βWβZ c−1w − − −
AˆJi (++,+0) − − − 1√3c−1w − − −
AˆJi (+0,++) − − − 1√3c−2w − − −
AˆJi (++, 0−) − − 1√3c−1w − − −
AˆJi (0−,++) − − 1√3c−1w − − −
AˆJi (0+,+−) − −
√
2c−2w − − −
AˆJi (+−, 0+) − −
√
2c−1w − − −
AˆJi (++,++)
2
3c
−2
w − 13c−2w 2c−2w − −
AˆJi (++,−−) 23c−2w − 13c−2w 2c−2w − −
AˆJi (++,+−) − − −
√
6
3 c
−2
w − − −
AˆJi (+−,++) − − −
√
6
3 c
−2
w − − −
AˆJi (+−,−+) − − 2c−2w − − −
Table 5: Decomposition of the NLO helicity amplitudes for W+W− → ZZ.
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α4 α5
J = 0 1 2 0 1 2
AˆJi (00, 00) 4(
2
3 + β
2 + β4) − 43 4(13 + β4) − 83
AˆJi (+0, 00) − − − 2√3 − −
4√
3
AˆJi (++, 00) −23(4 + 3β2) − −23 −43 − 43
AˆJi (+0, 0+) − β2 1 − 2β2 2
AˆJi (00,+−) − − − 4√6 − − −
8√
6
AˆJi (+0, 0−) − −β2 −1 − −2β2 −2
AˆJi (++,+0) − − − 1√3 − −
−2√
3
AˆJi (++, 0−) − − 1√3 − −
2√
3
AˆJi (0+,+−) − −
√
2 − − 2√2
AˆJi (++,++)
8
3 − 13 32 − 23
AˆJi (++,+−) − − −
√
6
3 − − −2
√
6
3
AˆJi (++,−−) 83 − 13 43 − 23
AˆJi (+−,−+) − − 2 − − 4
Table 6: Decomposition of the NLO helicity amplitudes for W±W± → W±W±.
Contact graph s-channel Z/γ–exchange
J = 0 1 2 0 1 2
AˆJi (00, 00) −23(1 + β2) 6β2 23 − −4(3− β2)2 −
AˆJi (+0, 00) − −3β2 − 1√3 − 8(3 − β2) −
AˆJi (++, 00)
2
3 + β
2 − 13 − 4(β2 − 3) −
AˆJi (+0, 0+) − −32 + 2β2 12 − −16 −
AˆJi (+0,+0) − −32 + β2 12 − −16 −
AˆJi (+0,−0) − −32 − β2 −12 − 16 −
AˆJi (+0, 0−) − −32 − 2β2 −12 − 16 −
AˆJi (+−, 00) − −
√
6
3 − − −
AˆJi (++,+0) − 32 −
√
3
6 − 8 −
AˆJi (++,−0) − 32
√
3
6 − −8 −
AˆJi (+−,+0) − − 1√2 − − −
AˆJi (+−, 0+) − − 1√2 − − −
AˆJi (++,++) −23 −32 16 − −4 −
AˆJi (++,+−) − − − 1√6 − − −
AˆJi (++,−−) −23 32 16 − −4 −
AˆJi (+−,−+) − − 1 − − −
AˆJi (+−,+−) − − 1 − − −
Table 7: Decomposition of the NLO helicity amplitudes for W+W− → W+W−.
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t-channel Z/γ-exchange
J = 0 1 2 3
AˆJt (00, 00) −10(2 + β2 + 4β4 + β6) 6β2(−23 + 50β2 − 5β4) 20(−2 + 11β2 − 10β4) −12β2
AˆJt (+0, 00) − 18β2(7− 5β2) 10
√
3(2− 9β2 + 5β4) 4√6β2
AˆJt (++, 00) 20(2 − 3β2 + 2β4) −114β2 20(−2 + 9β2 − 2β4) −6β2
AˆJt (+0, 0+) − −6(5 + 17β2 + 5β4) 10(−3 + 13β2 − 3β4) −8β2
AˆJt (+0,+0) − 3(−10− 39β2 + 25β4) 5(−6 + 25β2 − 3β4) −8β2
AˆJt (+0,−0) − 3(−10 + 39β2 − 5β4) 5(6− 17β2 + 3β4) 8β2
AˆJt (+0, 0−) − 6(−5 + 12β2 − 5β4) 10(3 − 8β2 + 3β4) 8β2
AˆJt (+−, 00) − − 10
√
6(2− 5β2 + 2β4) 2√30β2
AˆJt (++,+0) − 6(5 + 13β2) 10
√
3(1− 5β2) 2√6β2
AˆJt (++,−0) − 6(5 − 8β2) 10
√
3(−1 + 2β2) −2√6β2
AˆJt (+−,+0) − − 10
√
2(−3 + 4β2) −4√5β2
AˆJt (+−, 0+) − − 10
√
2(−3 + 5β2) −4√5β2
AˆJt (++,++) −5(4 + 19β2) −3(10 + 9β2) 5(−2 + 13β2) −3β2
AˆJt (++,+−) − − 5
√
6(2− 3β2) √30β2
AˆJt (++,−−) −5(4 + β2) 3(10 + β2) 5(−2 + β2) −3β
AˆJt (+−,−+) − − −10(6 + β2) −10β2
AˆJt (+−,+−) − − −10(6 + 5β2) −10β2
Table 8: Decomposition of the leading order helicity amplitudes for W+W− → W+W−.
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